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Abstract 
In this paper, we propose a new nonlinear control strategy for electric bicycles that adjusts the motor assistance automatically to 
maintain a desired heart rate level of the cyclist. The control algorithm uses the current heart rate, torque and cadence of the rider 
as inputs, and adjusts the assistance of the motor adaptively. The controller consists of feedforward as well as feedback 
components: Whereas the heart rate is the feedback component, the system’s feedforward component is the rider’s estimated 
torque output at the desired heart rate level. Environmental changes like slope or headwind are modeled as disturbances that the 
controller has to reject. We conduct test rides with one subject at different intensity levels to develop and validate a nonlinear 
heart rate response model of the bicycle rider. The model uses the power output of the cyclist as an input and takes immediate 
and gradual responses of the heart rate into account. We use a commercial electric bicycle with a front wheel hub motor to test 
the controller design. The bicycle is modified to measure torque output and pedalling frequency of the rider and to control the 
motor torque. The heart rate is measured by a chest strap. Data processing and controller design were performed on a laptop. We 
present simulation as well as experimental results for different reference heart rate profiles to verify the performance of the 
controller. 
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1. Introduction 
Heart rate based training is a well-known technique to improve the effectiveness of training for both athletes and 
patients, and prevents over-exercising. The heart rate reflects exercise intensity very well and it is easy to measure. 
Therefore, stationary training equipment often includes features to follow a desired heart rate profile by 
automatically adjusting the workload. 
Good models of the heart rate response of the human for different activities and workload intensities are 
necessary in order to design well performing controllers. In [1] two auto-regressive models with exogenous input 
(ARX) were used to model the heart rate kinetics during wheelchair ergometry. A Hammerstein model consisting of 
a nonlinear static element followed by a linear dynamic element was used in [2]. The model was chosen to account 
for the nonlinear relationship between walking speed and heart rate during treadmill exercises. The model 
parameters were identified using support vector machine algorithms. Recently, a nonlinear heart rate model was 
proposed in [3] to model the human heart rate response during treadmill exercise. The model takes immediate as 
well as graduate responses of the cardiovascular system into account and consequently can be used to describe the 
heart rate response during short as well as long exercises. Whereas the input to the model is the treadmill speed, the 
human heart rate response to the workload is the output of the model. This model was used for designing controllers 
for treadmill exercises [4] as well as to regulate the heart rate during bicycle ergometry [5]. All these controllers 
were developed for stationary training equipment. 
For outdoor cycling it is not possible to automatically regulate the work load intensity, because it depends on 
environmental conditions. Therefore the cyclist has to continuously check the heart rate and increase or decrease the 
speed accordingly in order to follow a certain heart rate profile. In [6] an automated continuous variable transmission 
system was used to regulate the heart rate of bicycle riders. The design of the controller was performed using the 
approach in [2] to model the heart rate response. With the designed controller it is possible to track a given heart rate 
profile, but the riding velocity is altered which is not desired in some circumstances for example when using the bike 
for daily commute. 
Ultimately, electric bicycles gain more and more attention as a mean of transportation. Especially Pedelecs (Pedal 
Electric Cycle) get more attention, because they do not require a registration or a driver’s license in many countries. 
With a Pedelec the cyclist has to pedal while the electric motor assists the rider by adding an additional torque for 
propulsion. This enables the cyclist to reduce the perceived exertion without changing the speed in changing 
environments [8]. However, the cyclist has to set the assistance level manually to follow a certain heart rate profile 
which is difficult because of the delay of the heart rate response to changing workload. Thus, the user-experience is 
reduced. In the literature exist control strategies to reject changes in drag force to enable the cyclist to pedal at a 
constant speed and power output [10,11]. Automating the adjustment of the assistance level according to the heart 
rate of the cyclist increases the usability of the bicycle and enriches the fields of applications. 
In this paper we introduce a new nonlinear control strategy for electric bicycles to adjust the electrical assistance 
automatically to follow a given heart rate profile of the cyclist. 
The outline of the paper is as follows. Section 2 describes the model identification process of the nonlinear heart 
rate model. The controller design and simulation as well as experimental results are presented in section 3. Sections 
4 and 5 include the discussion and results of this paper. 
2. Model identification 
2.1. Nonlinear heart rate model 
To model the heart rate change during exercise a nonlinear model proposed in [3] was adapted. This model 
describes the relationship between the speed of a treadmill and the resulting change in human heart rate, and takes 
immediate as well as graduate responses like the cardiovascular drift [7] into account. Since the increase in heart rate 
to an increasing treadmill speed is assumed to be quadratic, a quadratic input was proposed in [3]. The relationship 
between power output when cycling and human heart rate is assumed to be linear [12]. According to this assumption 
the quadratic model input was changed to a linear input. 
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The modified state-space representation of the model used in this paper is given by: 
 
ݔሶଵሺݐሻ ൌ െܽଵݔଵሺݐሻ ൅ ܽଶݔଶሺݐሻ ൅ܽଶݑሺݐሻ 
 
ݔሶଶሺݐሻ ൌ െܽଷݔଶሺݐሻ ൅ ߶൫ݖሺݐሻ൯ (1) 
 
ݕ ൌ ݔଵǤ 
 
Where ݔଵሺݐሻ is the difference of the current heart rate to the heart rate at rest ሺܪܴ௠௘௔௡ሻ, normalized to the riders 
estimated maximum heart rate ሺܪܴ௠௔௫ሻ. The input ݑሺݐሻ is the current workload normalized to the riders maximum 
power output ሺ ௠ܲ௔௫ሻ.  ݔଵሺݐሻ and ݑሺݐሻ are therefore given by: 
 
ݔଵሺݐሻ ൌ ுோሺ௧ሻିுோ೘೐ೌ೙ுோ೘ೌೣ  (2) 
ݑሺݐሻ ൌ ௉ሺ௧ሻ௉೘ೌೣǤ  (3) 
 
The function ߶ሺݖሺݐሻሻ (with ݖሺݐሻ ൌ ݔଵ) is the nonlinear part of the heart rate model and represents the graduate 
responses to workload. It is given by: 
 
߶൫ݖሺݐሻ൯ ׷ൌ ௔ర௫భሺ௧ሻ൫ଵାୣ୶୮൫ିሺ௫భሺ௧ሻି௔ఱሻ൯൯Ǥ (4) 
2.2. Experimental setup 
To estimate the parameters for the nonlinear heart rate model a healthy male subject (data see Table 1) performed 
four test rides on a bicycle ergometer (LifeFitness, Brunswick Cooperation, USA) on different days. The test rides 
consisted of three consecutive tasks with a duration of 30 minutes each. Every task consisted of a 2 minutes long 
resting phase, a 3 minutes long warm-up phase, a 15 minutes long exercise phase and a 10 minutes long recovery 
phase. 
Table 1. Data of the test subject for model identification. 
Parameter Sex Age Height [cm] Weight [kg] Training level 
Subject Male 28 183 82 Recreational rider 
 
 
Fig. 1. Typical heart rate response for a power output of 100W (plus), 125W (square) and 150W (circle) during the exercise phase. For 
simplicity only every fifth measurement value is shown. 
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During the resting phase no workload was applied and the cyclist was not pedaling. In the warm-up phase the 
workload was set to a low level of 50 or 75 Watts, respectively. During the exercise phase the workload (100, 125 
and 150 Watts, respectively) was applied. During the recovery phase the workload was set to zero again and the 
cyclist was not pedaling. A typical heart rate response for the different tasks of the experiments is shown in Fig. 1. 
With increasing workload during the exercise phase a higher gradual increase in heart rate is noticeable. 
2.3. Data acquisition and parameter estimation 
The heart rate was measured with a Polar H7 chest belt (Polar, Finland) and data was sampled with a mobile 
device at a sampling rate of 0.25 Hz. The data was processed using MATLAB (The MathWorks). First, the data was 
resampled to obtain the same sample points for every test ride. Missing points were calculated by linear interpolation 
between adjacent points. Then the data was smoothed with a local regression filter with 1st degree polynomial order 
and the mean heart rate of all test rides for each task was calculated (Fig. 2). Mean heart rate at rest ሺܪܴ௠௘௔௡ሻ was 
calculated by taking the mean of the heart rate values measured during the resting phase of the first task of all 
experiments. The subjects’ maximum heart rate ሺܪܴ௠௔௫ሻ was estimated to be 185 bpm. The subjects’ maximum 
power output was estimated to be 265 Watts. 
For the parameter estimation process grey box models were built in MATLAB. Initial parameters were set to the 
parameters found in [3] and the initial states were set to zero ሺݔሺͲሻ ൌ Ͳሻ. Afterwards the function parameters were 
estimated using a trust-region reflective least squares algorithm. The parameters were estimated using the data of the 
mean experimental data of the third task. The estimated parameters for the model are shown in Table 2. As can be 
seen in Fig. 3, the model achieves a good fit with the experimental data. 
 
 
Fig. 2. Experimental heart rate responses for all tasks on different days and the average heart rate response. 
Table 2. Model parameters identified in this study. 
Parameters a1 a2 a3 a4 a5 
Values 0.0113 0.0072 0.0041 0.0049 19.8002 
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3. Controller design and validation 
3.1. Controller design 
Figure 4 shows the block diagram of the overall control system. The controller consists of feedforward as well as 
feedback components. The feedforward component (FF) uses the inverse human heart rate response model presented 
in section 2 to estimate the rider torque (TR*) necessary to reach the desired heart rate level. The inverse model uses 
a different set of parameters, estimated to fit experimental data of a second test subject who performed similar 
experiments as in section 2. The estimated torque is then compared with the current rider torque (TR,p) measured by 
a torque sensor (TS). The difference is the feedforward control signal (TM,ff). The reference signal for the feedback 
component is the actual heart rate of the cyclist, normalized as in (2). A sliding mode controller (SMC) is used to 
compensate differences between desired (HRref) and actual heart rate (HR). Changes in environmental conditions 
like changes in slope and headwind are treated as a disturbance (d) to the system. The human heart rate model 
(Human) is the model developed in section 2. The cyclist model (Cyclist) represents the reaction of the cyclist to 
changing speed of the bicycle. For this controller design we assumed that the cyclist wants to keep his current 
velocity constant resulting in a decreasing rider torque when the motor torque increases. A detailed description of 
the controller design can be found in [13]. 
 
 
Fig. 3. Experimental (dashed) and simulated (solid) heart rate response to different tasks. 
 
Fig. 4. Block diagram of the control system. 
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3.2. Hardware setup 
For the experiments a commercial electric bicycle (Giant, USA) with a front hub motor (SANYO, Japan) was 
used. Torque and cadence were measured with a bottom bracket sensor (X-Cell RT, Thun GmbH, Germany). Heart 
rate was measured by a Zephyr BT chest belt (Zephyr Technology Corporation, USA) which connects via a 
Bluetooth USB-Dongle (ASUS, Taiwan) to a laptop. A custom built motor driver was used to control the torque of 
the motor [9]. Data was processed with LabView (National Instruments). Torque and Cadence were measured with 
1 kHz sampling frequency. The average of the torque output data recorded over a period of one second was 
calculated to get the average torque output of one revolution of the cranks. 
3.3. Validation 
Simulations as well as experiments with three different reference heart rate profiles were conducted to prove the 
effectiveness of the controller. The different heart rate profiles were a constant heart rate (CHR), a fast changing 
interval profile (FHR) switching every 3 minutes between two heart rate levels, and a slow changing heart rate 
profile (SHR) with a linear increase and decrease from the low to the high level and vice versa over a 2 minute 
period. The control system shown in Fig. 4 was implemented in Simulink to perform the simulations. A fixed-step 
solver provided by Simulink was used with a step size of one second. For the experiments the hardware setup 
described in section 3.2 was used. Both experiments were conducted on a flat road. However, the experiments with 
the constant heart rate profile were performed on a different road with casual disturbances where the cyclist had to 
slow down the bicycle. The experiments with the changing heart rate profile took place on a circuit with 
continuously constant speed. For all experiments the cyclists’ goal was to maintain a constant velocity of 20 km/h. 
Figures 5(a) and 5(b) show the simulation and the experimental results of the combined controller (SMC+FF) for 
a constant heart rate reference profile. Whereas without control the heart rate quickly exceeds the reference signal, 
with the controller a good tracking performance is achieved in both, the experimental as well as the simulated case. 
The small drops in heart rate at minutes 2, 5 and 8 during the experiments are due to the aforementioned 
disturbances where the cyclist had to slow down the bicycle. 
For a slow changing heart rate profile the simulated tracking performance is again very good as can be seen in 
Fig. 6(a). However, during the experiments (Fig. 6(b)) the actual heart rate follows the reference with a delay, when 
the reference is decreasing (minutes 4 to 6). In this phase, the motor is not exerting the maximum possible torque 
(appr. 15 Nm), meaning that a faster response is possible with different parameters of the controller. 
Using a fast changing heart rate reference profile a perfect tracking performance cannot be achieved because of 
the delayed heart rate response. However, the simulation (Fig. 7(a)) achieves good results when lowering the heart 
rate. The high heart rate level is not reached before the reference changes to a lower level again due to the low 
environmental resistances acting on the system. For the experimental case both the higher and the lower reference 
level are not reached in time. Again, the motor torque is not at the maximum possible value during the low reference 
heart rate and it could be reached faster using different parameters for the controller. During the high heart rate 
reference signal (minutes 3-6 in Fig. 7(b)) the motor output is zero. The increase in heart rate then depends on the 
resisting forces, since the motor cannot output a negative torque. 
4. Discussion 
As stated in section 3.1, the controller consists of a feedback and a feedforward component. When differences in 
actual and reference heart rate occur the feedback component changes the motor torque to drive the heart rate to the 
desired value. The feedforward component is responsible for keeping the maximum exerted torque of the rider low 
enough to maintain a comfortable riding experience. This means a tradeoff is necessary between fast tracking ability 
and low torque peaks. For a constant reference heart rate the chosen controller achieves a very good tracking 
performance while maintaining a good riding experience by limiting the maximum exerted torque (see Fig. 8). In the 
case of a changing reference heart rate the gain of the feedback part was too small to change the actual heart rate to 
the desired heart rate fast enough and different parameter settings are necessary to keep a good tracking 
performance. 
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Fig. 5. (a) Simulated heart rate response (upper plot) and motor torque (lower plot) for a constant heart rate reference.; (b) Experimental heart rate 
response (upper plot) and motor torque (lower plot) for a constant heart rate reference. 
Fig. 6. (a) Simulated heart rate response (upper plot) and motor torque (lower plot) for a slow changing heart rate reference.; (b) Experimental 
heart rate response (upper plot) and motor torque (lower plot) for a slow changing heart rate reference. 
Fig. 7. (a) Simulated heart rate response (upper plot) and motor torque (lower plot) for a fast changing heart rate reference; (b) Experimental heart 
rate response (upper plot) and motor torque (lower plot) for a fast changing heart rate reference. 
 
a
a
a b
b
b
4220   Daniel Meyer et al. /  Procedia Manufacturing  3 ( 2015 )  4213 – 4220 
5. Conclusion 
In this paper we presented a new nonlinear control design for regulating the heart rate of electric bicycle riders. 
The control system includes a nonlinear human heart rate response model, which takes immediate and graduate 
changes of the heart rate to workload into account. A sliding mode controller combined with the inverse of the 
human heart rate response model was used to regulate the heart rate while keeping a good riding experience. The 
designed controller achieves good tracking results for a constant heart rate reference, which is suitable for leisure 
bicycle riding with focus on rider comfort. For training sessions involving fast changing heart rate references like 
interval training, a better tradeoff between fast tracking performance and maximum exerted rider torque is necessary. 
Future work will include the adaption of the control parameters to different riding intentions and situations. Also, 
more test rides with different subjects are planned so that the control design can be verified for different subjects. 
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Fig. 8. Velocity (a) and rider torque (b) for the experimental ride with constant heart rate profile without control (NOC) and with combined 
control (SMC+FF). 
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